A nano coaxial rotor was designed, fabricated and studied experimentally at an ultralow Reynolds number ranging from 5000 to 20,000. The Minimum Induced Loss theory was employed to optimize the geometry of nano coaxial rotor with the introduction of weights to take into account the interference of upper rotor and lower rotor. The chord and twist distributions of both rotors were achieved as a result. Nano coaxial rotor was then fabricated with a lightweight material of carbon laminate. Two rotor slices were obtained with mass less than 0.3 g and the thickness less than 0.23 mm. Successively, a sensitive test bench was designed to measure the hovering performance of nano coaxial rotor. Single upper rotor and lower rotor were tested with the test bench as well as the isolated upper rotor and lower rotor of nano coaxial rotor. It is found that the designed nano coaxial rotor can generate a thrust of 0.105 N with torque cancelled. And the comparison between single rotor and isolated rotor of nano rotor showed that the mutual interaction between rotors improves upper rotor performance but impairs lower rotor performance.
Introduction
Nano Air Vehicles (NAVs) [Pines, 2005] was proposed by the Defense Advanced Research Projects Agency (DARPA) as an unmanned aerial robot allowing reconnaissance inside buildings, penetration of narrow entries and transmission of data without being detected and required for both military and civil applications. It is a new conceptual controllable unmanned air vehicle which can hover and fly at low speed with dimension less than 7.5 cm and weight lower than 10 grams. Coaxial rotor rotor with different collective angles combinations over a range of rotational velocities. He [2009] conducted the studies of a gearless torque-canceling coaxial propeller by measuring torque and thrust separately. Schafroth et al. [2009] designed a test bench with a torque sensor and tension load cell to measure the total thrust and torque of coaxial rotor with radii from 5 cm to 7 cm. Either the stand is too insensitive to utilize on nano coaxial rotor, or thrust and torque are measured separately. Therefore, a new test bench shall be designed which allows the measurement of tiny force and torque simultaneously of nano coaxial rotor.
In this paper, nano coaxial rotor with teetering blades was designed and fabricated for NAVs and the hovering performance of it was studied experimentally. Firstly, the nano coaxial rotor was designed with MIL optimization methods by taking into account the interference between upper rotor and lower rotor. In view of the importance of hover flight, the minimum of hovering performance was taken as the optimization objective. In succession, the moulds of nano coaxial rotor were designed and fabricated. Carbon laminate and resin epoxy were utilized as the lightweight material to fabricate rotors. After the fabrication of nano coaxial rotor, a sensitive test bench was designed with a beam load cell and a torque sensor to study the hovering performance of nano coaxial rotor experimentally at an ultra-low Re. In order to study the interference between upper rotor and lower rotor, experiments were conducted by comparing the performance of isolated upper or lower rotors with single rotor.
Design and Fabrication Methodology

Design methodology
Objective of design
To solve the problem of significant propulsive performance degradation of nano coaxial rotor due to its small size and low rotational speed, the design of nano coaxial rotor was performed based on hovering efficiency in this study. The objective of the rotor optimization is to reduce the energy loss as much as possible. A pair of nano coaxial rotor with a diameter of 7.5 cm and a minimum total thrust of 0.120 N shall be designed according to the definition of NAV. The rotational speed is about 6500 RPM and the rotor hub is 0.2 radius of rotor. The airfoil utilized for the blade is a thin arc airfoil with a maximum camber of 5% at 0.5 chords and a thickness of 0.2%. The aerodynamic performance of the airfoil shall be calculated at several different ultra-low Res to apply in the optimization.
Optimization methods
The optimization of coaxial rotor focused on the teetering rotor design instead of conventional full-scale helicopter rotor design. This study designed the nano coaxial rotor with MIL theory at a freestream velocity of zero, i.e. in hover. Larrabee [1979] pointed out that there is a certain variation of circulation along the lifting lines minimizing the energy loss in the wakes of rotor. This circulation is defined by a certain Goldstein loading which results in the constant displacement velocity v ′ along the blade radius. Therefore, the objective of the optimization is to find the appropriate distributions of blade chord and pitch angle so that the constant displacement velocity can be obtained with the specified thrust, torque and rotational speed. In this study, the combination of the optimization methods proposed by Larrabee [1979] and Adkin [1994] was used to design nano coaxial rotor.
Firstly, the displacement velocity shall be determined. At a differential annulus, the flow passing by the blade section at radial station r is illustrated in Fig. 1 .
The induced velocities of v 1 and v 2 can be represented with freestream velocity and rotor rotational speed.
where terms V , Ω, a and a ′ are freestream velocity, rotational velocity, axial interference factor and radial interference factor, respectively. In terms of the momentum theory, the thrust T and the torque Q were calculated based on the conservation of momentum across the rotor disk. The thrust and the torque at a differential annulus can be expressed as
where ρ is the air density. The original formulas were derived from the incompressible Bernoulli equation neglecting the effect of the swirl velocity, the viscous and pressure drag. The momentum loss factor F is therefore introduced to correct the equation based on Prandtl tip loss theory. If the blade is divided into infinitesimal sections, the blade elements can then be assumed as a quasi-2D section with mutual influence of adjacent blade element. Hereafter, the sectional airloads of each blade element are calculated separately, and the aerodynamic performance of rotor can be achieved by integrating the aerodynamic forces and moments along the blade. The thrust and torque in the annulus of rotor disc can also be expressed as the function of circulation Γ and the flow angle φ at the annulus.
where W , φ, C d and C l are flow velocity passing by blade element, helix angle, drag coefficient and lift coefficient of airfoil at blade station r. Since the thrust and the torque in the annulus are unique, Eq. (2) and Eq. (3) shall be equivalent to Eq. (4) and Eq. (5). Hereby, the interference factors can be expressed as,
From the equations Eq. (5), the filament helix angle φ can be represented with the freestream velocity, the rotor rotational speed and induced velocity whether the viscosity is included or not.
In light of Betz condition, the energy loss is minimum while the value of r tan φ equals to zero along the blade. Therefore, v ′ shall be a constant for the whole blade. The objective of the optimization is to obtain the chord and angle distribution to generate a constant v ′ . Thus, the thrust and the torque in the annulus are the functions of displacement velocity by integrating equation dT and dQ along the radius.
The blade is divided into N elements and every element is assumed to be a very small segment with constant flow parameters to approximate the integration. Airfoil aerodynamic parameters at different Reynolds numbers were calculated prior to the optimization so that the lift coefficient and the drag coefficient can be calculated at arbitrary angle of attack with CFD method. At each element, the Reynolds number can be calculated from the following formula.
The drag-to-lift ratio C d /C l of blade element may be determined with the Re and a choice of lift coefficient.
With the specified thrust or torque (relating with power), blade number, radius, hub radius, station number, freestream velocity, blade element aerodynamic parameter, rotational speed and the initial lift coefficients distribution along the blade, the displacement velocity can be calculated. After several iterations, the result may be obtained. Finally, the blade chord and the twist angle are obtained.
Optimization procedure
In the procedure of the coaxial rotor design, the induced velocity of one rotor will be recorded as additional axial and rational velocity components of freestream of the other rotor. However, the interaction between rotors depends on their spacing and rotational direction. The axial and radial weights are therefore defined to present the magnitude of the influence of one rotor to the other. The product of weights and axial or radial induced velocity of one rotor will be taken as the freestream velocity of the other rotor so that the coaxial rotor can be designed based on this input of freestream velocity. Since both rotors rotate in a reverse direction with small spacing less than 2 R, weights of 1.0 for axial velocity and −1.0 for radial velocity are specified to reflect the influence of the upper rotor induced flow to lower rotor. The products of weights and corresponding induced velocities of upper rotor are integrated with the freestream velocity of lower rotor as a final input condition to design the lower rotor. And the induced velocity of lower rotor can then be calculated. Similarly, the induced flow of lower rotor will influence the upper rotor as well. An axial weight of 0.5 and a radial weight of 0 are specified to account for the influence of the lower rotor induced flow to the upper rotor. The products of the weights and induced velocities of lower rotor are then introduced in the freestream velocity of upper rotor. Thus, the upper rotor is designed with the freestream. Iterations will stop when no change can be found for chord and twist angle along the blade for both rotors.
Fabrication methods
According to the geometry of nano coaxial rotor, two sets of mould are to be designed and fabricated for upper rotor and lower rotor. Each set of mould is composed of four parts: The first part has the convex surface identical to the lower surface of rotor; the second part has the concave surface identical to upper surface of rotor; and the other two parts are two components to fix the first part and the second part.
Due to the constraint of NAV weight, the fabrication shall decrease the mass of both rotors as low as possible while the basic geometry of nano coaxial rotor shall be ensured. Carbon laminate has the advantages of low density and high solidity appropriate to be employed on nano coaxial rotor fabrication. Two layers of carbon fiber with thickness of 0.102 mm will be attached on the moulds in a crossed position with the epoxy resin to ensure the homogenous characteristics in various directions. 
Experiment
Experimental set-up
A nano-coaxial-rotor test bench mainly constructed by a torque sensor and beam load cell was developed as shown in Fig. 2 . The beam load cell is F1200 sized at a capacity of 0.5 N from calculated estimates. The hovering torque sensor is DH15 from the SCAIME company with a capacity of 0.005 N·m and accuracy class of 0.2%. Torque sensor was secured on an aluminum beam which is strictly horizontal. Extended supporting beams were installed on the torque sensor to avoid the blockage of the torque sensor to the rotor wake. At one end of supporting beam, beam load cell was fixed horizontally. Additionally, a long carbon tube was equipped vertically at one end of the beam load cell to support the motor and rotor to be tested. Another motor and rotor are fixed right above the rotor to be tested with a long carbon tube. The position of this rotor can be well adjusted so as to test the coaxial rotor at the right rotor spacing. Once the thrust is generated by the rotor to be tested, it will be detected by beam load cell when the torque acts on the hovering torque sensor via the vertical aluminum supporting beam. Thus, the thrust and torque of one rotor can be measured simultaneously under the influence of the other rotor. After the measurement of this rotor, the other rotor shall be switched on the beam load cell and the same test condition shall be kept. As a result, the propulsive performance of both rotors is achieved. The speed measurement system was a speedometer which was able to emitter and receive laser. It was fixed just under the rotor. Hereby, rotational speed could be measured and then transferred to the data acquisition system. Thick wires were adopted to connect the electronic devices on the test bench to reduce inner resistance of the whole circuit. The electric parameter measurement system consists of an ampere meter and a voltmeter to measure the current and voltage passing through the controller. The controller was YGE4-BL2 from Wes-Technik for brushless motors.
All output signals were transferred to a PXI-1050 chassis for processing. Via a front module PXI-8336, PXI-1050 chassis is connected through an optical cable to a Dell Optiplex 330 PC with 1.98 GB RAM. The PC runs Measurement and Automation Explorer (MAX) as driver interface between control software, LabView, and the PXI-1050. A command generated by Measurement and Automation Explorer (MAX) and Labview was input in NI PXI-6229 series which could transformed this digital signal into a analog signal transmitting to the speed controller, and the measurements acquired during the experiment (voltage, current, thrust, torque and rotational speed) were relayed back to the MAX and Labview as well.
Experiment design
Since the torque sensor and 0.5 N beam load cell are two primary sensors to measure the performance of nano coaxial rotor, calibrations of test bench are necessary to eliminate the error introduced by the non-linear property of sensors and electronic wires. Detailed test bench calibrations were carried out before experiments to improve the precision of results. In order to take into account the hysteresis property of both sensors, loads are applied firstly and then they are unloaded.
After the calibrations of torque sensor and 0.5 N beam load cell, the propulsive performance of single rotor was firstly measured without the interference of another rotor. Then the propulsive performance of each rotor of nano coaxial rotor was measured at a rotor spacing of 1.07 R by fixing the rotational velocity of the upper rotor at 6,500 RPM, Reynolds number at 3/4 R of 15,000, and changing lower rotor rotational velocity with the input current from the Reynolds number of 6000-14,000. And the experimental results were compared with that of single rotor. The interaction between lower rotor and upper rotor was analyzed.
The experiments were all carried out at a tension input to controller of 3.7 V which has the same value as the NAV battery. During the experiment, the rotational speed, input current, input voltage, the thrust and the torque of each rotor were measured.
Results and Discussion
Rotor optimization results
The optimization result of nano coaxial rotor was achieved when solution converged after six iterations and there were no changes for chord and twist angles. In the end, an upper rotor with mean chord of 0.33 R and mean twist angle of 17.21
• and a lower rotor with mean chord of 0.31 R and mean twisted angle of 17.67
• were obtained (Fig. 3) . The nano coaxial rotor was finally designed. The analytical method was utilized here to design nano coaxial rotor. This method requires the input of the aerodynamic parameters of blade airfoil which are interpolated with the computational results obtained with CFD method. This method has a good precision without stall of airfoil and has been validated [Adkins, 1994] . And the rotor geometries can be obtained efficiently comparing with the other optimization method. However, the unsteady aerodynamic effects which are significant at ultra-low Re were not taken into account in the design due to the application of the analytical method.
Rotor geometry
Two sets of moulds were designed as shown in Fig. 4 . The function of every part is stated in section 2.2. With these moulds, rotors were fabricated as shown in Fig.  5 . The mass of each rotor is less than 0.3 g and the thickness is found less than 0.23 mm.
Due to the constraint of the fabrication method, the geometry of fabricated rotor differs from that of optimum rotor. The thickness of the blade is nearly constant resulting in the change of airfoil at different stations. The fluidity of the epoxy resin also causes the imbalance of distribution because of the gravity.
Experimental results
Calibrations of beam load cell (thrust) and torque sensor (torque) are shown in Fig.6 . In the figure, the thrust applied and torque applied are the known mass or torque added on the test bench, while thrust measured and torque measured are quantities measured by the test bench. One-order polynomial functions (straight lines) were fitted respectively so that a relationship between the measured value and real value could be established. However, fitted functions introduce errors into the results. The relative fit error is defined as the ratio of the difference between the real value added on test bench and the fitted value obtained from the function to the real value. It is found that the relative fit error for thrust is very low and the hysteresis property of test bench is very weak. Therefore, fitted functions are appropriate to give a reasonable precision for results and test bench shows a good performance.
The hovering performances of single upper rotor and lower rotor were firstly studied experimentally at ultra-low Res. And the hovering performance of coaxial rotor was studied successively. Comparisons were performed between single rotor and isolated rotor of coaxial rotor to understand influence of rotor interaction to the rotor performance by virtue of experiment as illustrated in Figs. 7 and 8. It is found the thrust of single upper or lower rotor increase with the increase of Reynolds number. And the maximum thrusts of upper rotor and lower rotor are 0.146 N and 0.112 N, respectively. Lower rotor generated a higher thrust than the upper rotor at the same Reynolds number. On the other hand, the maximum thrust of the isolated upper rotor and that of isolated lower rotor of nano coaxial rotor are 0.067 N and 0.055 N. The total thrust of coaxial rotor is 0.105 N when both rotors rotated at a velocity of 6500 RPM, that is the Re of upper rotor is 14,900 and the Re of lower rotor is 12,700. When comparing single rotor and isolated rotor of coaxial rotor, the single upper rotor generated a thrust slightly higher than that of the upper rotor of coaxial rotor at the same Re, while the single lower rotor generated a thrust fairly higher than that of the lower rotor of nano coaxial rotor at the same Re. However, the difference between the experimental thrust of single lower rotor and the lower rotor of coaxial rotor decreases with the increase of Re, and the experimental thrust of lower rotor of coaxial rotor exceeded that of single lower rotor at a certain Re. It is evident that the induced flow of upper rotor has a negative effect on the thrust of lower rotor at low Re but a positive effect at high Re. The experimental results for torque exhibit nearly the same trend. The total torque of coaxial rotor is 2.84×10
−5 N·m which states that the torque is nearly canceled. The torque of upper rotor of coaxial rotor is identical to that of single upper rotor at the same Re while the torque of lower rotor of coaxial rotor is lower than that of single lower rotor and the discrimination increases with the reduction of Re. Because of the interaction, the F M of the upper rotor of coaxial rotor increased while the F M of the lower rotor of coaxial rotor decreased when comparing with single upper and lower rotor as illustrated in Fig. 8 . It is detected that F M s of single upper rotors vary from 0.55 to 0.63 while those of lower rotors are less than 0.3. F M s of the isolated upper rotor of a coaxial rotor range from 0.65 to 0.75 whereas those of the isolated lower rotor of a coaxial rotor are from 0.2 to 0.25. Herein, the interaction of upper rotor and lower rotor improves the performance of upper rotor but degrades the performance of lower rotor. Leishman etc. [2006] found that the F M of upper rotor of a full-scale coaxial Mono Tilt Rotor (MTR) approximates to 0.7 and that of lower rotor is 0.45. It can be found that the peroformance of upper rotor of nano coaxial rotor approaches that of full-scale MTR, whereas the performance of lower rotor of nano coaxial rotor is lower than that of full-scale MTR. However, results of both kinds of coaxial rotor indicate that the performance of upper rotor is prior to that of lower rotor due to the interference between upper rotor and lower rotor. The study of micro coaxial rotor (Bohorquez [2007] ) showed similar conclusion.
Conclusion
The performance of propulsive system of NAV has a direct impact on the flight performance of NAV. In this paper, a nano-coaxial rotor propulsion set was designed, fabricated and studied experimentally.
As the main component to generate lift and thrust, the propulsive performance of nano coaxial rotor determines the flight performance of NAV. So, the objective of design is to obtain a nano coaxial rotor of high propulsive performance with the other constraints such as diameter, thrust and rotational velocity etc. Then, nano coaxial rotor was designed based on MIL theory. Weights were introduced to take into account the mutual interference of upper rotor and lower rotor during the design. The products of weights and the induced flow velocities of one rotor were combined with the freestream velocity of the other rotor to optimize the rotor. After a few iterations, the distributions of chord and twist of nano coaxial rotor were then obtained. An upper rotor with mean chord of 0.33 R and mean twist angle of 17.21
• were obtained. It is found that the nano coaxial rotor has larger chords and higher twist angles than micro rotor or full-scale rotor. Finally, the rotor was fabricated with carbon laminates. The nano coaxial rotor fabricated has thickness of 0.23 mm and mass of less than 0.3 g. Confined by the fabrication technique, the form of each rotor varies slightly from that of optimized rotor.
The experimental study of the hovering performance of nano coaxial rotor was carried out. The hovering performance of single rotor was measured without the interference of another rotor as well. Comparisons were performed between the hovering performance of isolated rotor of nano coaxial rotor and single upper rotor or lower rotor to investigate the interaction between upper rotor and lower rotor. Results showed that the value of thrust of nano coaxial rotor is higher than 0.1 N and the value of torque of nano coaxial rotor is nearly zero with both rotors at 6,500 RPM. The comparisons between the isolated rotor of coaxial rotor and single rotor showed that the propulsive performance of upper rotor augmented while that of lower rotor degraded. The figure of merit of the lower rotor increased with the increase of the thrust coefficient to rotor solidity ratio and the best figure of merit for the upper rotor (0.65-0.75) was higher than the value for the lower rotor (0.23).
In conclusion, nano coaxial rotor of large chords and high twist angles along the blade was well designed and fabricated with composite materials. The propulsive performance of designed coaxial rotor was fine to provide the sufficient thrust for NAV. The mutual interaction between rotors improves upper rotor performance but impairs lower rotor performance.
